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3. (a) The potential energy U(O) is given by 

U(O) = mg(Yl + Y2) 

where (Xl, yt) and (X2, Y2) are the coordinates of the two masses in 
the coordinate system shown in Figure 1. Now, instead of calculating 
Yl and Y2, let us use a trick. 
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Notice how the ABC triangle in Figure 1 is isosceles, and notice 
that Yl + Y2 = 2Yavg, where Yavg is the y-coordinate of the middle 
of the BC segment; let's call this point M. Now, AO bisects the 
angle BAC, and since ABC is isosceles, AO must intersect BC at 
its midpoint, M. Thus 0 lies on AM, and we have 

OM = lcoso-L Yavg = -OM cos 0 

and thus 
U(O) = -2mgcosO(l coso - L) (1) 

Obviously, the same result could have been obtained by calculating 
what Yl and Y2 are; by looking carefully at Figure 1, we see that 

Yl,2 = LcosO - l cos(o =f 0) 
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Figure 1: Geometry of the teeter toy. 



and thus 

Yl + Y2	 = 2L cos B-l(cos(a - £J) + cos(a + B)) = 2LcosB - 2l cosa cos£J 

= 2 cosB(L -l cosa) 

where I used cos x + cos Y = 2 cos ~ cos 9. 
Both methods give us 

IU(B) = 2mgcosB(L -lcosa) I (2) 

(b) We	 can find the equilibrium positions by searching for the zeroes of 
the derivative dU/ dB: 

I dU 
0== dB = 2mgsinB(lcosa - L) 

==> sine = 0 

and since e = 1r corresponds to the teeter toy staying upside-down, 
i.e., going through its support, we can discard that solution and 
conclude that the only equilibrium position is 

(3) 

(Do note that if L = 1cos a, the system is in equilibrium at any angle; 
this is because the center of mass of the teeter toy coincides with the 
pivot point in this case.) 

(c)	 The equilibrium is stable if the potential energy has a minimum at 
that point. A sufficient condition is 

where we used the fact that m and g are positive. Looking back at 
Figure 1, we see that this condition requires the center of mass of the 
teeter toy to be below its pivot point, which is what we would expect 
(a pendulum has its center of mass below its pivot, and it is stable; 
try to balance a pencil on its tip - it is not stable; its center of mass 
is above the pivot.) 

Again, the condition for stable equilibrium is 

!lcosa>LI	 (4) 

(d)	 The energy of the oscillator is 

E = K + U = 21 
B q2 + 21 

Aq2 + const. 
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Differentiating this with respect to time, and using the fact that total 
energy is conserved, i.e., dE/dt = 0, 

and dividing by q,l 

which is the well-known simple harmonic motion equation, with an­
gular frequency given by 

(5) 

To calculate the small oscillations frequency for the teeter toy, we 
need its kinetic energy. We can again use a trick: as suggested in 
the hint, note that the masses are moving on circles centered at the 
pivot point. The reason is that the toy is a rigid body, and thus 
the distance between any two points is constant; in particular, the 
distance between the pivot and each of the masses is always equal to 
(see Figure 1): 

OB = OC = VOM2 + MB2 = J(lcoso: - L)2 + l2 sin2 
0: 

= Vl2 + £2 - 2lLcoso: 

The kinetic energy is then simply 

K = !2m (OB 2) (j2 = miJ2(l2 + L 2 - 2lLcoso:)
2 

Remember the potential energy 

U = 2mgcose(L -lcoso:) 

which for small ebecomes (cose ~ 1 - e2 /2) 

U ~ 2mg(L-1coso:)+mg(lcoso:-L)e2 = mg(lcoso:-L)e2+const. 

and thus 

2 2mg(lcoso:-L)
W = 

2m(l2 + £2 - 21Lcoso:) 

g(lcoso:-L) 
[2 + £2 - 21L coso: 

10f course, Ii could vanish at some points. However, unless the oscillator is at rest, Ii will 
only vanish at isolated points, and at those points we can reobtain the solution by considera­
tions of continuity and differentiability. 
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So the angular frequency of small oscillations of the teeter toy is 

g(l cosO'. - L) 
w= 

[2 + P - 2lL cosO'. 

Note that if a. = 0, this reduces to Jg/(l- L), which is what you 
would expect, since then the teeter toy looks just like a pendulum of 
length l- L. 
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