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Problem 4(a): We want to find the solution of the equation

i+ 2ol + wiy = Aowjcos(wt). 1)
Recall that e** = cos(wt) + isin(wt). Introduce the companion equation
& + 2wot + wiz = Agwdsin(wt). . 2)
Multiplying Eq. (2) by i and adding to Eq. (1) yields
E+ i + wiz = Agwget. (3)

Try a solution of the form z = Be™*, where B is a complex number. This results in z = iwBe'* and = —w?Bei“t,
Upon substituting these into Eq. (3) we obtain B(wi — w? 4 2iwgw) = Aow?. After rearranging terms we obtain

B = Aow/(wj — w® + 2iwow). : @

In polar form, B = Ae*#, where A = vBB* and ¢ = ArcTan(Im[B]/Re|B]). We would like to solve for the amplitude,
A, and the phase, ¢.
It is helpful to rewrite B in Cartesian form (e.g. B = u + iv). Multiply the right hand side of Eq. (4) by 1 and

simplify.
Be Agwd . wg — w? — 2iwgw " Apw(wh — w? — 2iwgw) ()
wp —w? + 2iwpw  wp —w? —2iwgw (g —w?)? + (2wow)?

Now we can solve for A

A=@=\/Aowg(“’§—”2—2ﬁdw) *Aowa(w?l-w’+2iwow) =M3J(wg 1 ) (6)

P+ @on)? (f — w2+ (2uw)? =+ (@)’

The solution for ¢ is

= m(g[[g]') - ucm(ﬁ). Y]

The complete solution is z=Ae*®e*, The real part of this is y=A cos(wt + ¢).

Problem 4(b,c):
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FIG. 1: Amplitude, A, and phase, ¢, of oscillations plotted as a function of w. wo=30 rad/s and Ap=2 cm in these plots. A=A,
and ¢=0 in the limit w — 0. On resonance (w = wg), A = A¢/2 and ¢=-x/2. In the limit w — 00, A = 0 and ¢=-w. The
amplitude for the Corvette is maximum when w = 0. The frequency response of the “Old Buick” is shown by the dashed lines.

Problem 4(d): y = Acos(wt + ¢) so § = —Awsin(wt + ¢). When ¢ = —n/2, § = Aw cos(wt). We know from part
(b) that ¢ = —n/2 when w = wp. Our task is to find the speed for which the car experiences a driving frequency
of 1 Hz. The bumps are spaced 1 meter apart, therefore the car will experience a driving frequency of 1 Hz when it
travels at a speed of 1 m/s=2.25 miles/hr. From parts (a,b), the amplitude of the oscillations is equal to Ag/2=1 cm
on resonance (w = wy).



